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We study transport properties in boundary-driven asymmetric quantum spin chains given by
XXZ and XXX Heisenberg models. Our approach exploits symmetry transformations in the Lind-
blad master equation associated to the dynamics of the systems. We describe the mathematical
steps to build the unitary transformations related to the symmetry properties. For general target
polarizations, we show the occurrence of the one-way street phenomenon for the energy current,
namely, the energy current does not change in magnitude and direction as we invert the baths at
the boundaries. We also analyze the spin current in some situations, and we prove the uniqueness of
the steady state for all investigated cases. Our results, involving nontrivial properties of the energy
flow, shall interest researchers working on the control and manipulation of quantum transport.
I. INTRODUCTION
A bedrock of nonequilibrium statistical physics is the understanding of the transport laws [1–3]. In particular, the
study of the energy flow properties is of theoretical and experimental interest: a good example is the investigation
of thermal rectification. Motivated by the amazing progress of modern electronics due to the invention of transistor,
electric diode and other nonlinear solid state devices, several works are devoted to the investigations of asymmetries
in the energy current in order to build thermal diodes [4, 5], a device in which the magnitude of the energy current
changes as we invert the system between two baths.
A subject of increasing attention nowadays is the study of such transport laws in the quantum regime. Stimulated
by the emerging field of quantum thermodynamics, by the development of nanotechnology and the possibility of
experimental manipulation of small quantum systems, the study of quantum models becomes mandatory.
Quantum spin chains, in specific, are exhaustively investigated. They are the archetypal models of open quantum
systems, and are related to problems in several different areas: condensed matter, cold atoms, optics, quantum infor-
mation, etc. Their boundary-driven versions, i.e., systems with target polarization at the boundaries are recurrently
studied [6–10]. The energy current of these boundary-driven systems, differently of the weakly coupled models, usu-
ally involves heat and work [11–13]. It is an important information: when we ignore the work component, incorrect
conclusions may be obtained [13, 14].
The present article addresses the investigation of some (a)symmetries in the energy current of boundary-driven
Heisenberg (XXX ) and XXZ models. In specific, we show the occurrence of the one-way street phenomenon for the
energy current to several asymmetric Heisenberg and XXZ with general cases of different boundary polarizations.
Such a phenomenon means that the energy current is the same as we invert the baths at the boundaries, that is, it
does not change in magnitude and direction. Thus, the phenomenon is, in some way, related to (but stronger than)
rectification.
It is important to emphasize that, as said, the energy current is not only heat, and so, there is no thermodynamic
inconsistency in the occurrence of the one-way street effect. For more details, see Refs.[11–13].
The dynamics associated to the models, as usual, is given by a Lindblad master equation (LME) [15]. To establish
our results we exploit symmetries of the density matrix and of the LME. And these results are independent of the
system size and of the transport regime.
The existence of the one-way street phenomenon was established in Ref.[16] by a direct computation of the steady
density matrix and the energy current for a XXZ model with σz polarization at the boundaries. The argument
of symmetries appeared in Ref.[17] for the same case, and in a recent letter [18] we stated, without presenting a
mathematical proof, the possibility of a ubiquitous occurrence of such phenomenon for systems with general target
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2spin polarization at the boundaries. In the present paper, we give the mathematical proofs for the energy current
property; we also show that, in some cases, the spin current changes the sign as we invert the baths, differently of
the energy flow. And, an important mathematical point, we prove the uniqueness of the steady distributions for the
cases treated here.
The rest of the paper is organized as follows. In section 2, we introduce the model and describe the approach. In
section 3, we analyze several cases of different target polarizations and present the mathematical steps. In section 4,
we prove the uniqueness of the steady states. Section 5 is devoted to the final remarks.
II. MODELS AND APPROACH
Now we introduce the models to be treated here, the LME, the approach to be used and some previous results.
We consider here standard quantum spin models, namely, the XXZ and Heisenberg (XXX ) chains. For the Hamil-
tonian of the asymmetric version of the spin 1/2 XXZ chain, we take
H =
N−1∑
i=1
{
α
(
σxi σ
x
i+1 + σ
y
i σ
y
i+1
)
+∆iσ
z
i σ
z
i+1
}
, (1)
where σβi (β = x, y, z) are the Pauli matrices. We are interested in cases involving asymmetric distributions for the
anisotropy parameter ∆i, for example, a graded distribution: ∆1 < ∆2 < · · · < ∆N−1.
For the Heisenberg model, we take the Hamiltonian
H =
N−1∑
i=1
αi
(
σxi σ
x
i+1 + σ
y
i σ
y
i+1 + σ
z
i σ
z
i+1
)
, (2)
where αi is asymmetrically distributed.
The open quantum systems to be analyzed are given by the steady states of the LME
dρ
dt
= i[ρ,H] + L(ρ) , (3)
where we assume ~ = 1, ρ is the density matrix, the dissipator L(ρ) describes the coupling with the baths and it is
given by
L(ρ) = LL(ρ) + LR(ρ) ,
LL,R(ρ) =
∑
s=±
LsρL
†
s −
1
2
{
L†sLs, ρ
}
, (4)
{·, ·} above describes the anti-commutator; different Ls will be specified later.
The spin and the energy current are derived from the LME and continuity equations, see, e.g., Ref.[19] for details.
For the XXZ chain, the spin current is
〈JMj 〉 = 2α〈σxj σyj+1 − σyj σxj+1〉 . (5)
Adding in the Hamiltonian the interaction with an external magnetic field
∑N
j=1Bjσ
z
j , the energy current becomes
〈JEj 〉 = 〈JXXZj 〉+ 〈JMj 〉 ,
〈JXXZj 〉 = 2α〈α
(
σyj−1σ
z
jσ
x
j+1 − σxj−1σzjσyj+1
)
+∆j−1,j
(
σzj−1σ
x
j σ
y
j+1 − σzj−1σyj σxj+1
)
+∆j,j+1
(
σxj−1σ
y
j σ
z
j+1 − σyj−1σxj σzj+1
)〉 ,
〈JMj 〉 =
1
2
Bj〈Jj−1 + Jj〉 . (6)
It is important to recall that there is a remarkable difference between symmetric and asymmetric XXZ chains. For
the symmetric case we have 〈JXXZj 〉 = 0 [19]. And so, the energy current becomes proportional to the spin current,
and vanishes as B = 0. But it does not follow in the asymmetric case as shown, by a direct computation, in Ref.[16]
for a system with σz polarization at the boundaries.
3Turning to the Heisenberg Hamiltonian, the expressions for the currents become
〈JMj 〉 = 2αj〈σxj σyj+1 − σyj σxj+1〉 , (7)
〈JXXZj 〉 = 2αi−1αi〈
(
σyj−1σ
z
j σ
x
j+1 − σxj−1σzj σyj+1
)
+
(
σzj−1σ
x
j σ
y
j+1 − σzj−1σyj σxj+1
)
+
(
σxj−1σ
y
j σ
z
j+1 − σyj−1σxj σzj+1
)〉 .
(8)
We now describe our strategy to prove the current properties, in particular, the one-way street phenomenon. In
some way, we follow Popkov and Livi [20]. We exploit symmetries in the LME to show that, if ρ is a steady state
solution of the LME, then there is a unitary transformation U (to be built) such that UρU † is a solution of the LME
with inverted baths. By uniqueness (to be proved), it is the steady state with inverted baths. Then we turn to the
energy current and show that the average with the new steady state is the same of that with the initial steady state.
That is, the energy current does not change as we invert the baths: this is the one-way street phenomenon.
To be precise, in the steady state the LME becomes
0 = −i[H, ρ] + L(ρ) .
It means that, in order to perform our analysis, we must find a unitary transformation U such that
H = UHU †, Linv.baths
(
UρU †
)
= ULU † . (9)
Moreover, to show the one-way street phenomenon we need to prove that UJU † = J .
In the next section, we find U for several different dissipators, i.e., several different boundary polarizations, such
that these relations are satisfied.
III. UNITARY TRANSFORMATIONS AND SYMMETRY RESULTS
Now we will build the unitary transformations in order to exploit the symmetries of the Lindblad equations and
prove some current properties, in particular, the one-way street phenomenon for the energy current.
We begin by noting that any unitary matrix can be written as (the reader can prove it)
U =
(
a b
−eiϕb∗ eiϕa∗
)
, (10)
where a, b ∈ C, ϕ ∈ R and |a|2 + |b|2 = 1.
Then, we analyze several cases involving different boundary polarizations. We also investigate two different graded
systems: the two first cases are related to the XXZ chain, and the other ones to Heisenberg model. First we take the
case in which the polarization is in the x direction in one boundary, and in some generic angle in the plane xy in the
other boundary. Precisely, we consider the Lindblad operators
KL+ =
√
γ(1 + f)
(
σy1 + iσ
z
1
2
)
,
KL− =
√
γ(1− f)
(
σy1 − iσz1
2
)
,
KR+ =
√
γ(1− f)
(
cos θσxN + sin θσ
y
N + iσ
z
N
2
)
,
KR− =
√
γ(1 + f)
(
cos θσxN + sin θσ
y
N − iσzN
2
)
, (11)
where γ is the coupling constant and f is the driving strength (we take fL = −fR = f).
4To perform the change between the baths, we need to find a unitary operator such that
U(σy + iσz)U † = cos θσx + sin θσy − iσz ,
U(σy − iσz)U † = cos θσx + sin θσy + iσz ,
U(cos θσx + sin θσy + iσz)U † = σy − iσz ,
U(cos θσx + sin θσy − iσz)U † = σy + iσz . (12)
We may still have factors such as −1, i or −i on the right hand side without any further problem.
Given such conditions, we see that it is enough to find a unitary matrix A such that the operation A (·) A†
transforms as:
σy −−→
(1)
cos θσx + sin θσy −−→
(2)
σy
σz −−→
(3)
−σz
And so, U will be given by
U = A⊗A⊗ ...⊗A . (13)
Carrying out the computation:
AσzA† =
(
a b
−eiϕb∗ eiϕa∗
)(
1 0
0 −1
)
A†
=
( |a|2 − |b|2 −e−iϕab− e−iϕab
−eiϕb∗a∗ − eiϕb∗a∗ |b|2 − |a|2
)
.
(14)
But we want
AσzA† = −σz =
(−1 0
0 1
)
. (15)
It implies that |b|2 − |a|2 = 1. As we already have |b|2 + |a|2 = 1, then |a|2 = 0, and so, a = 0, |b|2 = 1.
Now the matrix A is given by
A =
(
0 b
−eiϕb∗ 0
)
. (16)
To find b we perform the computation
AσyA† =
(
0 b
−eiϕb∗ 0
)(
0 −i
i 0
)
A†
=
(
0 −ie−iϕb2
ieiϕb∗2 0
)
.
(17)
We want
AσyA† = cos θσx + sin θσy =
(
0 e−iθ
eiθ 0
)
, (18)
we take ϕ = θ, and it leads us to −ib2 = 1. Then, it is enough to take b = 1+i√
2
. Hence,
A =
1√
2
(
0 1 + i
−eiθ(1− i) 0
)
(19)
is the desired unitary matrix.
Carrying out some computation we find that
A(cos θσx + sin θσy)A† = σy .
5Now we analyze the XXZ Hamiltonian
H =
N−1∑
i=1
α(σxi σ
x
i+1 + σ
y
i σ
y
i+1) + ∆iσ
z
i σ
z
i+1 .
First, we note that
AσxA† = − sin θσx + cos θσy . (20)
Then, it follows that
UHU † =
N−1∑
i=1
α(Aσxi A
†Aσxi+1A
† +Aσyi A
†Aσyi+1A
†)
+ ∆iAσ
z
iA
†Aσzi+1A
†
= . . .
=
N−1∑
i=1
α(σxi σ
x
i+1 + σ
y
i σ
y
i+1) + ∆iσ
z
i σ
z
i+1 .
(21)
That is, UHU † = H .
Before investigating the effect of U on the currents, we note that
A†σxA = − sin θσx + cos θσy ,
A†σyA = cos θσx + sin θσy ,
A†σzA = −σz .
The energy current is
JˆE = 2α[α(σyi−1σ
z
i σ
x
i+1 − σxi−1σzi σyi+1)
+∆i−1(σzi−1σ
x
i σ
y
i+1 − σzi−1σyi σxi+1)
+∆i(σ
x
i−1σ
y
i σ
z
i+1 − σyi−1σxi σzi+1)] ,
(22)
and so the effect of U is
U †JˆEU = 2α{α[(cos θσxi−1 + sin θσyi−1)(−σzi )(− sin θσxi+1 + cos θσyi+1)
−(− sin θσxi−1 + cos θσyi−1)(−σzi )(cos θσxi+1 + sin θσyi+1)]
+∆i−1[(−σzi−1)(− sin θσxi + cos θσyi )(cos θσxi+1 + sin θσyi+1)
−(−σzi−1)(cos θσxi + sin θσyi )(− sin θσxi+1 + cos θσyi+1)]
+∆i[(− sin θσxi−1 + cos θσyi−1)(cos θσxi + sin θσyi )(−σzi+1)
−(cos θσxi−1 + sin θσyi−1)(− sin θσxi + cos θσyi )(−σzi+1)]}
= . . . = JˆE .
(23)
It shows the occurrence of the one-way street phenomenon: the energy current is the same, it keeps the same value
and direction as we invert the reservoirs at the boundaries.
Taking the spin current
JˆM = 2α(σxi σ
y
i+1 − σyi σxi+1) , (24)
the effect of U is
U †JˆMU = 2α[A†σxi AA
†σyi+1A−A†σyi AA†σxi+1A]
= 2α[(− sin θσxi + cos θσyi )(cos θσxi+1 + sin θσyi+1)
− (cos θσxi + sin θσyi )(− sin θσxi+1 + cos θσyi+1)]
= 2α[− sin θ cos θσxi σxi+1 − sin2 θσxi σyi+1 + cos2 θσyi σxi+1
+ sin θ cos θσyi σ
y
i+1 + sin θ cos θσ
x
i σ
x
i+1 − cos2 θσxi σyi+1
+ sin2 θσyi σ
x
i+1 − sin θ cos θσyi σyi+1]
= 2α(σyi σ
x
i+1 − σxi σyi+1) .
(25)
6That is,
U †JˆMU = −JˆM , (26)
in other words, the spin current keeps the value and inverts the direction as we invert the reservoirs at the boundaries;
there is no spin rectification, no further effect.
X-Y orthogonal polarization. Let us consider the set of Lindblad operators for one boundary
L1 = α(σ
x
1 + iσ
y
1) , L2 = β(σ
x
1 − iσy1 ) ,
V1 = p(σ
y
1 + iσ
z
1) , V2 = q(σ
y
1 − iσzi ) ,
W1 = u(σ
z
1 + iσ
x
1 ) , W2 = v(σ
z
1 − iσx1 ) .
(27)
And, for the other boundary,
L3 = β(σ
x
N + iσ
y
N ) , L4 = α(σ
x
N − iσyN ) ,
V3 = v(σ
y
N + iσ
z
N ) , V4 = u(σ
y
N − iσzN ) ,
W3 = q(σ
z
N + iσ
x
N ) , W4 = p(σ
z
N − iσxN ) .
(28)
For this case, the inversion of the baths can be given by a unitary operator U = A⊗A⊗ ...⊗A such that
AσxA† = −σy , AσyA† = −σx , AσzA† = −σz . (29)
Indeed, with such an operator we have the transformations
L1 → −iL4 , L2 → iL3 , V1 → −iW4 , V2 → iW3 ,
W1 → −iV4 , W2 → iV3 , L3 → −iL2 , L4 → iL1 ,
V3 → −iW2 , V4 → iW1 , W3 → −iV2 , W4 → iV1 .
(30)
We will use the general representation for a matrix A ∈ SU(2):
A =
(
ar + iai br + ibi
−br + ibi ar − iai
)
, (31)
where ar, ai, br and bi ∈ R e a2r + a2i + b2r + b2i = 1.
Turning to the computations,
AσxA† =
(
ar + iai br + ibi
−br + ibi ar − iai
)(
0 1
1 0
)
A†
=
(
c11 c12
c21 c22
)
,
(32)
where
c11 = 2(arbr + aibi) ,
c12 = a
2
r + b
2
i − a2i − b2r + 2(aiar − bibr)i ,
c21 = a
2
r + b
2
i − a2i − b2r + 2(bibr − aiar)i ,
c22 = −2(arbr + aibi) .
(33)
As we want
AσxA† =
(
0 i
−i 0
)
, (34)
we must have
arbr + aibi = 0 ,
a2r − a2i + b2i − b2r = 0 ,
aiar − bibr = 1
2
.
(35)
7For the σz transformation
AσzA† =
(
ar + iai br + ibi
−br + ibi ar − iai
)(
1 0
0 −1
)
A†
=
(
d11 d12
d21 d22
)
,
(36)
where
d11 = a
2
r + a
2
i − b2r − b2i ,
d12 = −arbr − iarbi − iaibr + aibi − arbr − iaibr − ibiar − biai ,
d21 = −brar + ibrai + ibiar + biai − arbr + iarbi + iaibr + aibi ,
d22 = b
2
r + b
2
i − a2r − a2i .
(37)
As we want
AσzA† =
(−1 0
0 1
)
, (38)
we must have
a2r + a
2
i − b2r − b2i = −1 ,
biai − arbr = 0 ,
biar + aibr = 0 .
(39)
It is easy to see that a solution is
ar = 0 = ai ,
br = − 1√
2
= −bi .
(40)
And so,
A =
1√
2
(
0 −1 + i
1 + i 0
)
=
i√
2
(σx − σy) (41)
is the searched matrix.
We note that we have (as expected)
UσyU † =
1
2
(
0 −1 + i
1 + i 0
)(
0 −i
i 0
)(
0 1− i
−1− i 0
)
=
1
2
(
0 −2
−2 0
)
= −σx .
(42)
The energy current for the graded XXZ chain is
JˆXXZ = 2α[α(σyi−1σ
z
i σ
x
i+1 − σxi−1σzi σyi+1)
+∆i−1(σzi−1σ
x
i σ
y
i+1 − σzi−1σyi σxi+1)
+∆i(σ
x
i−1σ
y
i σ
z
i+1 − σyi−1σxi σzi+1)] .
(43)
For the action of U , noting that A†σxA = −σy, A†σyA = −σx, A†σzA = −σz, we have
U †JˆXXZU = −2α[α(σxi−1σzi σyi+1 − σyi−1σzi σxi+1)
+ ∆i−1(σzi−1σ
y
i σ
x
i+1 − σzi−1σxi σyi+1)
+ ∆i(σ
y
i−1σ
x
i σ
z
i+1 − σxi−1σyi σzi+1)]
= 2α[α(σyi−1σ
z
i σ
x
i+1 − σxi−1σzi σyi+1)
+ ∆i−1(σzi−1σ
x
i σ
y
i+1 − σzi−1σyi σxi+1)
+ ∆i(σ
x
i−1σ
y
i σ
z
i+1 − σyi−1σxi σzi+1)]
= JˆXXZ ,
(44)
8that is, the one-way street phenomenon holds.
For the spin current
JˆM = 2α(σxi σ
y
i+1 − σyi σxi+1) , (45)
it follows
U †JˆMU = 2α(σyi σ
x
i+1 − σxi σyi+1)
= −2α(σxi σyi+1 − σyi σxi+1)
= −JˆM ,
(46)
that is, the current is inverted without rectification or any other effect.
Y-YZ polarization. We now investigate the chain in which the first spin is target on Y direction and the last
one target on some direction on Y Z plane. We also turn to the Heisenberg models.
Precisely, we consider the Lindblad operators
KL+ =
√
γ(1 + f)
(
σz1 + iσ
x
1
2
)
, KL− =
√
γ(1− f)
(
σz1 − iσx1
2
)
,
KR+ =
√
γ(1− f)
(
cos θσyN + sin θσ
z
N + iσ
x
N
2
)
, KR− =
√
γ(1 + f)
(
cos θσyN + sin θσ
z
N − iσxN
2
)
.
(47)
To perform the baths inversion, it is enough to find A such that A(·)A† makes the transformations
σz −−→
(1)
cos θσy + sin θσz −−→
(2)
σz ,
σx −−→
(3)
−σx .
We will use the representation of a unitary matrix in SU(2):
A =
(
ar + iai br + ibi
−br + ibi ar − iai
)
, (48)
where a2r + a
2
i + b
2
r + b
2
i = 1
We begin studying the condition (3) above:
AσxA† =
(
c11 c12
c21 c22
)
, (49)
where we want
=
(
0 −1
−1 0
)
. (50)
It leads to
c11 = 2(arbr + aibi) ,
c12 = a
2
r + b
2
i − a2i − b2r + 2(aiar − bibr)i ,
c21 = a
2
r + b
2
i − a2i − b2r + 2(bibr − aiar)i ,
c22 = −2(arbr + aibi) ,
(51)
and we must have
arbr = −aibi ,
arai = brbi ,
a2r + b
2
i − a2i − b2i = −1 ,
a2r + b
2
i + a
2
i + b
2
r = 1 .
(52)
9We can take ar = bi = 0, and so, we stay with
A =
(
iai br
−br −iai
)
, (53)
where a2i + b
2
r = 1.
Let us satisfy condition (1). We have
AσzA† =
(
d11 d12
d21 d22
)
, (54)
and we want
=
(
sin θ −i cos θ
i cos θ − sin θ
)
. (55)
That is
d11 = a
2
i − b2r ,
d12 = −2iaibr ,
d21 = 2iaibr ,
d22 = b
2
r − a2i ,
(56)
and so
a2i − b2r = sin θ ,
aibr =
cos θ
2
.
(57)
Consequently,
aibr =
cos θ
2
=
| cos θ|
2
, (58)
for 0 ≤ θ ≤ pi/2 which are our angles of interest.
We take
ai =
√
1 + sin θ√
2
,
br =
√
1− sin θ√
2
.
(59)
Moreover
a2i + b
2
r =
1 + sin θ + 1− sin θ
2
= 1 ,
a2i − b2r =
1 + sin θ − 1 + sin θ
2
= sin θ .
(60)
Then, the final form of A is
A =
1√
2
(
i
√
1 + sin θ
√
1− sin θ
−√1− sin θ −i√1 + sin θ
)
. (61)
We know that
AσxA† = cos θσy + sin θσz .
A simple computation shows that
AσyA† = cos θσz − sin θσy .
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Noting that A† = −A, it follows
AσxA† = (−A)†σx(−A) = A†σxA ,
and the same for σy and σz .
For the graded Heisenberg Hamiltonian we have
UHU † =
N−1∑
i=1
αi{(−σxi )(−σxi+1) + (cos θσzi − sin θσyi )(cos θσzi+1 − sin θσyi+1)
+ (cos θσyi + sin θσ
z
i )(cos θσ
y
i+1 + sin θσ
z
i+1)}
=
N−1∑
i=1
αi{σxi σyi + cos2 θσzi σzi+1 − cos θ sin θσzi σyi+1
− sin θ cos θσyi σzi+1 + sin2 θσyi σyi+1 + cos2 θσyi σyi+1
+ cos θ sin θσyi σ
z
i+1 + sin θ cos θσ
z
i σ
y
i + sin
2 θσzi σ
z
i+1}
=
N−1∑
i=1
αi{σxi σxi+1 + σzi σzi+1 + σyi σyi+1} = H .
(62)
For the energy current
UJˆEU † = U{(σxi−1σyi σzi+1 + σyi−1σzi σxi+1
+ σzi−1σ
x
i σ
y
i+1 − σxi−1σzi σyi+1
− σyi−1σxi σzi+1 − σzi−1σyi σxi+1)}U † ,
(63)
we have
UJˆEU † = 2αi−1αi{(−σxi−1)(cos θσzi − sin θσyi )(cos θσyi+1 + sin θσzi+1)
+ (cos θσzi−1 − sin θσyi−1)(cos θσyi + sin θσzi )(−σxi+1)
+ (cos θσyi−1 + sin θσ
z
i )(−σxi )(cos θσzi+1 − sin θσyi+1)
− (−σxi−1)(cos θσyi + sin θσzi )(cos θσzi+1 − sin θσyi+1)
− (cos θσzi−1 − sin θσyi−1)(−σxi )(cos θσyi+1 + sin θσzi+1)
− (cos θσyi−1 + sin θσzi−1)(cos θσzi − sin θσyi )(−σxi+1)} ,
(64)
and so
UJˆEU † = 2αi−1αi{− cos2 θσxi−1σzi σyi+1 − cos θ sin θσxi+1σzi σzi+1
+ sin θ cos θσxi−1σ
y
i σ
y
i+1 + sin
2 θσxi−1σ
y
i σ
z
i+1
− cos2 θσzi−1σyi σxi+1 − cos θ sin θσzi−1σzi σxi+1
+ sin θ cos θσyi−1σ
y
i σ
x
i+1 + sin
2 θσyi−1σ
z
i σ
x
i+1
− cos2 θσyi−1σxi σzi+1 − sin θ cos θσzi−1σxi σzi+1
+ cos θ sin θσyi−1σ
x
i σ
y
i+1 + sin
2 θσzi−1σ
x
i σ
y
i+1
+ cos2 θσxi−1σ
y
i σ
z
i+1 − cos θ sin θσxi−1σyi σyi+1
+ sin θ cos θσxi−1σ
z
i σ
z
i+1 − sin2 θσxi−1σzi σyi+1
+ cos2 θσzi−1σ
x
i σ
y
i+1 + cos θ sin θσ
z
i−1σ
x
i σ
z
i+1
− sin θ cos θσyi−1σxi σyi+1 − sin2 θσyi−1σxi σzi+1
+ cos2 θσyi−1σ
z
i σ
x
i+1 − cos θ sin θσyi−1σyi σxi+1
+ sin θ cos θσyi−1σ
z
i σ
x
i+1 − sin2 θσzi−1σyi σxi+1}
= 2αi−1αi{−σxi−1σzi σyi+1 + σxi−1σyi σzi+1
− σzi−1σyi σxi+1 + σyi−1σzi σxi+1
− σyi−1σxi σzi+1 + σzi−1σxi σyi+1}
= JˆE ,
(65)
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that shows the occurrence of the one-way street phenomenon.
Y-Z orthogonal polarizations. Let us consider the set of Lindblad operators at one boundary, say the left one,
given by
L1 = α(σ
x
1 + iσ
y
1 ) , L2 = β(σ
x
1 − iσy1 ) , V1 = p(σy1 + iσz1) ,
V2 = q(σ
y
1 − iσz1) , W1 = u(σz1 + iσx1 ) , W2 = v(σz1 − iσx1 ) ,
(66)
and for the right boundary
L3 = v(σ
x
N + iσ
y
N ) , L4 = u(σ
x
N − iσyN ) , V3 = q(σyN + iσzN ) ,
V4 = p(σ
y
N − iσzN ) , W3 = β(σzN + iσxN ) , W4 = α(σzN − iσxN ) .
(67)
To invert the baths it is enough to find an operator A such that
(I)AσxA† = −σx ⇔ −σx = A†σxA ,
(II)AσyA† = −σz ⇔ −σy = A†σzA ,
(III)AσzA† = −σy ⇔ −σz = A†σyA .
(68)
Indeed, in such case, we will have the transformations
L1 → −iW4 , L2 → iW3 , V1 → −iV4 ,
V2 → iV3 , W1 → −iL4 , W2 → iL3 , (69)
and also
L3 → −iW2 , L4 → iW1 , V3 → −iV3 ,
V4 → iVi , W3 → −iL2 , W2 → iLi . (70)
Consequently, the dissipator transforms as
UL(ρ)U † = L(ρ, invertedbaths) . (71)
As we show below, it is enough to use a representation for A in SU(2)
A =
(
ar + iai br + ibi
−br + ibi ar − iai
)
,
where ar, ai, br e bi ∈ R e a2r + a2i + b2r + b2i = 1.
Computing (I):
AσxA† =
(
z11 z12
z21 z22
)
, (72)
where
z11 = brar − ibrai + ibiar + biai + brar − iarbi + ibrai + aibi ,
z12 = −b2r − ibibr − ibibr + b2i + a2r + iaiar + iaiar − a2i ,
z21 = a
2
r − iarai − iaiar − a2i − b2r + ibibr + ibibr + b2i ,
z22 = −arbr − ibiar + ibrai − aibi − brar − iaibr + ibiar − aibi .
(73)
We want
AσxA† =
(
0 −1
−1 0
)
.
And so,
aibi + arbr = 0 ,
a2r − a2i + b2i − b2r = −1 ,
12
bibr = aiar .
We still want from (II)
AσyA† =
(−1 0
0 1
)
, (74)
that leads us to
aibr − arbi = −1
2
,
aiar = −bibr ,
a2r − a2i + b2r − b2i = 0 .
From the equations above we have aiar = 0 = bibr. We choose ar = bi = 0 and, consequently,
a2i = b
2
r = −(−1 + b2r)⇒ −2a2i = −1⇒ ai =
1√
2
.
Hence,
br = − 1√
2
. (75)
And we obtain for A the final form
A =
1√
2
(
i −1
1 −i
)
=
i√
2
(−σz + σy) . (76)
A short computation shows us that (III) follows:
AσzA† = −σy ,
as expected.
It is easy to see that the transformations keep the Hamiltonian of the graded Heisenberg model unchanged, i.e.,
UHU † =
1
2
N−1∑
i=1
αi(σ
x
i σ
x
i+1 + σ
z
i σ
z
i+1 + σ
y
i σ
y
i+1) = H . (77)
For the energy current, we have
U †JˆEU = 2αi−1αi(−σxi−1σzi σyi+1 − σzi−1σyi σxi+1
− σyi−1σxi σzi+1 + σxi−1σyi σzi+1
+ σzi−1σ
x
i σ
y
i+1 + σ
y
i−1σ
z
i σ
x
i+1)
= JˆE ,
(78)
that is, the one-way street phenomenon holds.
Z-XZ polarization. We now consider the case involving a σz target polarization at one side, and on a rotated
axis on plane XZ for the other side. That is, we consider the Lindblad operators as
KL+ =
√
γ(1 + f)
(
σx1 + iσ
y
1
2
)
, KL− =
√
γ(1− f)
(
σx1 − iσy1
2
)
,
KR+ =
√
γ(1− f)
(
cos θσxN + sin θσ
z
N + iσ
y
2
)
, KR− =
√
γ(1 + f)
(
cos θσxN + sin θσ
z
N − iσy
2
)
.
Again, we search for one operator related to baths inversion. We use the general representation of SU(2). After
manipulations similar to those previously described, we find
A =
i√
2
(√
1− cos θ √1 + cos θ√
1 + cos θ −√1− cos θ
)
. (79)
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Then we study the effect of U = A ⊗ A ⊗ ... ⊗ A on the Heisenberg Hamiltonian and on the energy current. We
have
UHU † = . . .
=
1
2
N−1∑
i=1
αi[(cos θσ
x
i + sin θσ
z
i )(cos θσ
x
i+1 + sin θσ
z
i+1)
+ (−σyi )(−σyi+1) + (sin θσxi − cos θσzi )(sin θσxi+1 − cos θσzi+1)]
=
1
2
N−1∑
i=1
αi[cos
2 θσxi σ
x
i+1 + cos θ sin θσ
x
i σ
z
i+1
+ sin θ cos θσzi σ
x
i+1 + sin
2 θσzi σ
z
i+1
+ σyi σ
y
i+1 + sin
2 θσxi σ
x
i+1 − sin θ cos θσxi σzi+1
− cos θ sin θσzi σxi+1 + cos2 θσzi σzi+1]
=
1
2
N−1∑
i=1
αi(σ
x
i σ
x
i+1 + σ
y
i σ
y
i+1 + σ
z
i σ
z
i+1)
= H ,
(80)
as expected.
For the energy current of the Heisenberg model we have
U †JˆEU = 2αi−1αi[(−σyi−1)(sin θσxi − cos θσzi )(cos θσxi+1 + sin θσzi+1)
− (cos θσxi−1 + sin θσzi−1)(sin θσxi − cos θσzi )(−σyi+1)
+ (sin θσxi−1 − cos θσzi−1)(cos θσxi + sin θσzi )(−σyi+1)
− (−σyi−1)(cos θσxi + sin θσzi )(sin θσxi+1 − cos θσzi+1)
+ (cos θσxi−1 + sin θσ
z
i−1)(−σyi )(sin θσxi+1 − cos θσzi+1)
− (sin θσxi−1 − cos θσzi−1)(−σyi )(cos θσxi+1 + sin θσzi+1)]
= 2αi−1αi[(− sin θσyi−1σxi + cos θσyi−1σzi )(cos θσxi+1 + sin θσzi+1)
− (cos θσxi−1 + sin θσzi−1)(− sin θσxi σyi+1 + cos θσzi σyi+1)
+ (sin θσxi−1 + cos θσ
z
i−1)(− cos θσxi σyi+1 − sin θσzi σyi+1)
+ (cos θσyi−1σ
x
i + sin θσ
y
i−1σ
z
i )(sin θσ
x
i+1 − cos θσzi+1)
+ (cos θσxi−1 + sin θσ
z
i−1)(− sin θσyi σxi+1 + cos θσyi σzi+1)
+ (sin θσxi−1 − cos θσzi−1)(cos θσyi σxi+1 + sin θσyi σzi+1)]
= 2αi−1αi[− sin θ cos θσyi−1σxi σxi+1 − sin2 θσyi−1σxi σzi+1
+ cos2 θσyi−1σ
z
i σ
x
i+1 + sin θ cos θσ
y
i−1σ
z
i σ
z
i+1
+ cos θ sin θσxi−1σ
x
i σ
y
i+1 − cos2 θσxi−1σzi σyi+1
+ sin2 θσzi−1σ
x
i σ
y
i+1 − sin θ cos θσzi−1σzi σyi+1
− sin θ cos θσxi−1σxi σyi+1 − sin2 θσxi−1σzi σyi+1
+ cos2 θσzi−1σ
x
i σ
y
i+1 + cos θ sin θσ
z
i−1σ
z
i σ
y
i+1
+ cos θ sin θσyi−1σ
x
i σ
x
i+1 − cos2 θσyi−1σxi σzi+1
+ sin2 θσyi−1σ
z
i σ
x
i+1 − sin θ cos θσyi−1σzi σzi+1
− cos θ sin θσxi−1σyi σxi+1 + cos2 θσxi−1σyi σzi+1
− sin2 θσzi−1σyi σxi+1 + sin θ cos θσzi−1σyi σzi+1
+ sin θ cos θσxi−1σ
y
i σ
x
i+1 + sin
2 θσxi−1σ
y
i σ
z
i+1
− cos2 θσzi−1σyi σxi+1 − cos θ sin θσzi−1σyi σzi+1] ,
(81)
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and using cos2 x+ sin2 x = 1, we obtain
U †JˆEU = 2αi−1αi[−σyi−1σxi σzi+1 + σyi−1σzi σxi+1
− σxi−1σzi σyi+1 + σzi−1σxi σyi+1
+ σxi−1σ
y
i σ
z
i+1 − σzi−1σyi σxi+1]
= 2αi−1αi[σ
y
i−1σ
z
i σ
x
i+1 − σxi−1σzi σyi+1
+ σzi−1σ
x
i σ
y
i+1 − σi−1y σxi σzi+1
+ σxi−1σ
y
i σ
z
i+1 − σzi−1σyi σxi+1] = JˆE ,
(82)
that is, one-way street phenomenon.
X-Z orthogonal polarization. Now, for one boundary we take the Lindblad operators
L1 = α(σ
x
1 + iσ
y
1) , L2 = β(σ
x
1 − iσy1 ) ,
V1 = p(σ
y
1 + iσ
z
1) , V2 = q(σ
y
1 − iσz1) ,
W1 = u(σ
z
1 + iσ
x
1 ) , W2 = v(σ
z
1 − iσx1 ) ,
and, for the opposite boundary,
L3 = q(σ
x
N + iσ
y
N ) , L4 = p(σ
x
N − iσyN ) ,
V3 = β(σ
y
N + iσ
z
N ) , V4 = α(σ
y
N − iσzN ) ,
W3 = v(σ
z
N + iσ
x
N ) , W4 = u(σ
z
N − iσxN ) .
(83)
To implement the bath inversion, it is enough to find a unitary operator A such that
(I)AσyA† = −σy ⇔ −σy = A†σyA ,
(II)AσxA† = −σz ⇔ −σx = A†σzA ,
(III)AσzA† = −σx ⇔ −σz = A†σxA ,
(84)
since its action will perform the transformations
L1 → −iV4 , L2 → iV3 ,
V1 → −iL4 , V2 → iL3 ,
W1 → −iW4 , W2 → iW3 ,
(85)
and also
L3 → −iV2 , L4 → iV1 ,
V3 → −iL3 , V4 → iLi ,
W3 → −iW2 , W2 → iWi .
(86)
After some algebraic manipulations, we find
A =
1√
2
(−i i
i i
)
=
i√
2
(σx − σz) . (87)
And everything follows: the Heisenberg Hamiltonian is preserved under the transformations, as well as the energy
current, i.e., the one-way street phenomenon holds.
IV. STEADY STATE UNIQUENESS
Now we prove the uniqueness of the steady state for all the cases previously analyzed here.
As well known, the steady state is unique if the set of Lindblad operators together with the Hamiltonian are enough
to generate the whole Pauli algebra [21] involving all sites 1, 2, . . . , N . Here, in our prove, we follow Prosen [21].
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In any of the previous analyzed cases, the Lindblad operators are given in terms of σ+ and σ−, or Γ+ = σ
z+iσx
2
and Γ− = σ
z−iσx
2 in one of the sides of the system (1 or N), or in terms of Π
+ = σ
y+iσz
2 and Π
− = σ
y−iσz
2 . But this
last case is reduced to the first one by the relations
[Π+,Π−] = σx ,
Π+ +Π− = σy ,
(Π+ −Π−)(−i) = σz ,
(88)
and the other reduces to the first one due
−i[Γ+,Γ−] = σy ,
Γ+ + Γ− = σz ,
(Γ+ − Γ−)(−i) = σx .
(89)
Thus, let us show that having σ+ and σ− in one of the sides is enough to generate the whole algebra (of course,
with the Hamiltonian). To prove it, we will show that the following relations are valid
σ+2 =
1
4
σz1 [σ
+
1 , [H,σ
z
1 ]] ,
σ+j = −σ+j−2 −
1
2
σzj−1[σ
−
j−1, σ
+
j−1Hσ
+
j−1] ,
(90)
for j = 3, 4, ..., n and the conjugate
σ−2 =
1
4
[σ−1 , [H,σ
z
1 ]]σ
z
1 ,
σ−j = −σ−j−2 +
1
2
[σ+j−1, σ
−
j−1Hσ
−
j−1]σ
z
j−1 .
(91)
we recall that [σ+, σ−] = σz . With the previous relations, we get the set {σ+j , σ−j ; j = 1, ..., n} that generates the
whole Pauli algebra.
First, we rewrite the XXZ Hamiltonian as
H =
n−1∑
j=1
(2σ+j σ
−
j+1 + 2σ
−
j σ
+
j+1 +∆σ
z
j σ
z
j+1) . (92)
Talking about algebraic properties, the constants α and ∆ are not important (as well as the difference between ∆j
and ∆j+1). And so, our computation follows also for the Heisenberg model.
We have
[H,σz1 ] = 2[σ
+
1 σ
−
2 , σ
z
1 ] + 2[σ
−
1 σ
+
2 , σ
z
1 ]
= 2[σ+1 , σ
z
1 ]σ
−
2 + 2[σ
−
1 , σ
z
1 ]σ
+
2
= −4σ+1 σ−2 + 4σ−1 σ+2 ,
(93)
and so
[σ+1 , [H,σ
z
1 ]] = −4[σ+1 , σ+1 σ−2 ] + 4[σ+1 , σ−1 σ+2 ]
= 4[σ+1 , σ
−
1 ]σ
+
2
= 4σz1σ
+
2 .
(94)
Consequently
1
4
σz1 [σ
+
1 , [H,σ
z
1 ]] =
1
4
σz14σ
z
1σ
+
2 = σ
+
2 , (95)
as we wanted.
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Carrying out the computation
σ+j−1Hσ
+
j−1 = σ
+
j−1(
N−1∑
k=1
2σ+k σ
−
k+1 + 2σ
−
k σ
+
k+1 +∆σ
z
kσ
z
k+1)σ
+
j−1
= (0 + 2
I + σzj−1
2
σ+j +∆(−σ+j−1)σzj )k=j−1σ+j−1
+ σ+j−1(2σ
+
j−2
I − σzj−1
2
+ 0 +∆σzj−2σ
+
j−1)k+1=j−1
= (I + σzj−1)σ
+
j σ
+
j−1 −∆σ+j−1σzj σ+j−1
+ σ+j−1σ
+
j−2(I − σzj−1) + ∆σ+j−1σzj−2σ+j−1
= (I + σzj−1)σ
+
j−1σ
+
j + σ
+
j−2σ
+
j−1(I − σzj−1)
= σ+j−1σ
+
j + σ
+
j−1σ
+
j + σ
+
j−2σ
+
j−1 − σ+j−2(−σ+j−1)
= 2σ+j−2σ
+
j−1 + 2σ
+
j−1σ
+
j ,
(96)
hence,
[σ−j−1, σ
+
j−1Hσ
+
j−1] = 2[σ
−
j−1, σ
+
j−2σ
+
j−1] + 2[σ
−
j−1, σ
+
j−1σ
+
j ]
= 2σ+j−2(−σzj−1) + 2(−σzj−1σ+j )
= −2(σ+j−2σzj−1 + σzj−1σ+j ) ,
(97)
and so,
−1
2
σzj−1[σ
−
j−1, σ
+
j−1Hσ
+
j−1] = −
1
2
σzj−1(−2)(σ+j−2σzj−1 + σzj−1σ+j )
= σ+j−2 + σ
+
j .
(98)
For the adjoint, we have
σ−2 = (σ
+
2 )
† = (
1
4
σz1 [σ
+
1 , [H,σ
z
1 ]])
=
1
4
[σ+1 , [H,σ
z
1 ]]
†σz1 =
1
4
(−)[σ−1 , [H,σz1 ]†]σz1
=
1
4
(−)[σ−1 , (−)[H,σz1 ]]σz1 =
1
4
[σ−1 , [H,σ
z
1 ]]σ
z
1 ,
(99)
where we used the identity
[A,B]† = (AB −BA)† = B†A† −A†B† = [B†, A†] = −[A†, B†] . (100)
We also have
σ−j = (σ
+
j )
† = (−σ+j−2 −
1
2
σzj−1[σ
−
j−1, σ
+
j−1Hσ
+
j−1])
†
= −σ−j−2 −
1
2
[σ−j−1, σ
+
j−1Hσ
+
j−1]
†σzj−1
− σ−j−2 −
1
2
(−)[σ+j−1, σ−j−1Hσ−j−1]σzj−1
= −σ−j−2 +
1
2
[σ+j−1, σ
−
j−1Hσ
−
j−1]σ
z
j−1 ,
(101)
and with these results we can conclude the proof.
V. FINAL REMARKS
We believe that our results showing the general occurrence of a nontrivial property of energy transport in quantum
spin systems will enhance the interest of researchers in quantum transport. It is worth to emphasize that the one-way
street phenomenon shown here is an effect stronger than rectification, even a perfect rectification.
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These boundary-driven quantum spin systems are the archetypal models of nonequilibrium statistical physics,
and the asymmetric versions proposed here are not only theoretical proposals. Graded materials, for example, i.e.,
asymmetric systems with structure changing gradually in space, are abundant in nature and can be also built. They
are recurrently studied in different areas: material science, optics, etc. An example of graded thermal diode has
been already experimentally constructed [22]: a carbon and boron nitride nanotube, externally coated with heavy
molecules.
It is important to stress that, in particular, asymmetric versions of XXZ and Heisenberg chains seem to be realizable.
In Refs.[23, 24], it is shown the possibility to engineer these quantum spin Hamiltonians with different values for the
structural parameters α and ∆.
Finally, still concerning the realizability of such systems, recent experimental works with Rydberg atoms in optical
traps [25, 26] appear associated to Heisenberg and XXZ models.
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